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Exercise 1

Consider a family of probability measures F' < P (Rd). We say that the family is tight if
for any € > 0 there exists a compact set K < R? such that p (K) > 1 — ¢ for any p e F.

The following Theorem holds true (for a proof, see Theorem 5.1 in Convergence of Prob-
ability Measures (Second Edition) by P. Billingsley).

Theorem (Prohorov’s Theorem). Consider a sequence of probability measures {pi}cn <
P (]Rd) which is tight. Then there exists a subsequence® {11k, } 1y and a probability measure
uweP (Rd) such that pg, — p if | — +o0.

Use Prohorov’s Theorem (without proving it) to prove that (771 (Rd) ,Wl) is a complete
metric space.

Hint: Consider a Cauchy sequence for Wy, show that it is tight. Using the Theorem deduce
the existence of a weak limit and prove that the convergence holds also with the metric
Wi.

Exercise 2

Prove the second part of Dobrushin’s Theorem, i.e., let M = {y,| ¢t € [0,T]} € M. (o) a
solution to

{ atut (w) = Mt (1) ’ Vm¢ + Eut : va)7 te [OvT] ’ w € C(?O (Rg x Rg) ) (1)
e (¥l = 0 (¥). e 0 (RS x RY),

with
B = [ VUG-, Uec (R, @
R3 xRR3

and with g absolutely continuous with respect to LS, i.e. dug (x,v) = fo(x,v)dzdv.
Prove that if fy e C! (R3 X R3) then also s is absolutely continuous with respect to £°
and moreover dyy (z,v) = f (t,2,v) dodv with f € C* ([0,T] x R? x R?).

Hint: It can be convenient to use the fact that, once the solution exists, the Viasov equation
can be seen as a Liouville equation with a potential depending on the existing solution.

'Recall that {fix, },.y is a subsequence of {ix}, .y if the sequence {ki},.y is a sequence of natural numbers
such that k;+1 > k; for any [ € N.



Exercise 3

Let foe L' n L™ (R3 X Rg); consider the following initial value problem:

Of +v-Vaf =0, inD ([0, +00) x R® x R3), ;
fli—o = fo, in D’ (R3 X R3) , (3)

where we also assume as usual that the map ¢ — {(f (¢,-,), ) is continous in ¢ for any
peCP (R x R3).
(i) Prove that there exists a unique solution to (3) and show its explicit form.

(ii) Use the explicit form to prove that
Hf (t7 K ')HLP(R?’ xR3) = HfOHLP(R3 xR3)» Vie [07 +OO) y P E [17 +OO] : (4)

(iii) Use the explicit form to prove the following dispersion relation:

1
1F (&l o msy 1 m3y) < P I foll L1 (310 (3 vte (0,+%).  (5)



